In this article, we study the existence of iterative positive solutions for a class of singular nonlinear fractional differential equations with Riemann-Stieltjes integral boundary conditions, where the nonlinear term may be singular both for time and space variables. By using the properties of the Green function and the fixed point theorem of mixed monotone operators in cones we obtain some results on the existence and uniqueness of positive solutions. We also construct successively some sequences for approximating the unique solution. Our results include the multipoint boundary problems and integral boundary problems as special cases, and we also extend and improve many known results including singular and non-singular cases.
Introduction
Fractional differential equations have attracted more and more attention in recent decades, which is partly due to their numerous applications in many branches of science and engineering including fluid flow, rheology, diffusive transport akin to diffusion, electrical networks, probability, etc. We refer the reader to [-] and the references therein. On the other hand, boundary value problems with integral boundary conditions for ordinary differential equations arise often in many fields of applied mathematics and physics such as heat conduction, chemical engineering, underground water flow, thermo-elasticity, and plasma physics. The existence and uniqueness of positive solutions for such problems have become an important area of investigation in recent years.
In this article, we consider the existence and uniqueness of the iterative positive solutions for the following class of singular fractional differential equations: 
 + x(t) + p(t)f (t, x(t), x(t)) + q(t)g(t, x(t)) = ,  < t < , x()
 + is the Riemann-Liouville fractional derivative, and f :
In [] , by means of the monotone iteration method, Sun and Zhao investigated the existence of positive solutions for the following fractional differential equation with integral boundary conditions:
Zhang et al. [] , by using the properties of the Green function and the fixed point index theory, considered the existence of a positive solution of the following nonlinear fractional differential equation with integral boundary conditions: 
where n - < α ≤ n, n > , n ∈ N, and f : 
and are allowed to be singular at
denotes the Riemann-Stieltjes integral with a signed measure, in which A : [, ] → R is a function of bounded variation. In that paper, they needed the following two conditions to prove the operator to be completely continuous:
are continuous, and for any  < r < R < ∞,
where
Then, by using cone expansion fixed point theorem they obtain the existence of positive solutions. However, up to now, the singular fractional differential equations with Riemann-Stieltjes integral conditions have seldom been considered by using fixed point theorem. In particular, we consider that f (t, u, v) has singularity at t =  or  and v = , g(t, v) has singularity at t =  or  and v = . In this article, we apply the fixed point theorem of mixed monotone operators to get the existence and uniqueness of the iterative solutions for singular fractional differential equations (.) without using the above condition (b) .
Obviously, what we discuss is different from those in [, , , , -]. Comparing with the results in [], we are based on a new method dealing with problem (.). Moreover, f (t, u, v) not only has three variables, but also is singular both for time and space variables. Comparing with the results in [, , ], we do not need f (t, u, v) to be continuous at t =  or  and at u = v = . The main new features presented in this article are as follows. Firstly, the boundary value problem has a more general form in which p(t), q(t) are allowed to be singular at t = ,  and f may be singular for time and space variables, that is, f (t, u, v) and g(t, v) may be singular at t =  or  and v = . Secondly, by using the fixed point theorem of mixed monotone operators, we obtain a unique positive solution of the boundary value problem (.), and we also construct successively some sequences for approximating the unique positive solution. Thirdly, let   x(s) dA(s) denote the Riemann-Stieltjes integral, where A is a function of bounded variation, and dA may be a signed measure. As applications, the multipoint problems and integral problems are particular cases. In this paper, we also extend and improve many known results including singular and nonsingular cases.
The rest of the paper is organized as follows. In Section , we present some preliminaries and lemmas that are to be used to prove our main results. In Section , we discuss the existence and uniqueness positive solution of the BVP (.) and also construct successively some sequences for approximating the unique positive solution. In Section , we give an example to demonstrate the application of our theoretical results.
Preliminaries and lemmas
In this section, we present some definitions, lemmas, and basic results that will be used in the article. For convenience of readers, we refer to [, , , ] for details.
Let (E, · ) be a Banach space. We denote the zero element of E by θ . Recall that a nonempty closed convex set P ⊂ E is a cone if it satisfies () x ∈ P, λ ≥  ⇒ λx ∈ P; () x ∈ P, -x ∈ P ⇒ x = θ . In this paper, suppose that (E, · ) is a Banach space partially ordered by a cone P ⊂ E, that is, x ≤ y if and only if y -x ∈ P.
For x  , x  ∈ E, the set [x  , x  ] = {x ∈ E | x  ≤ x ≤ x  } is called the order interval between x  and x  . For x, y ∈ E, the notation x ∼ y means that there exist λ >  and μ >  such that λx ≤ y ≤ μx. Clearly, ∼ is an equivalence relation. Given h > , we denote by P h the set P h = {x ∈ P | x ∼ h}. It is easy to see that P h ⊂ P is a component of P. A cone P is called normal if there exists a constant N >  such that for all x, y ∈ E, θ ≤ x ≤ y implies x ≤ N y ; the smallest such N is called the normality constant of P.
Definition . ([])
The Riemann-Liouville fractional integral of order α >  of a function x : (, ∞) → R is given by
provided that the right-hand side is pointwise defined on (, ∞).
Definition . ([])
The Riemann-Liouville fractional derivative of order α >  of a continuous function x : (, ∞) → R is given by
where n = [α] + , [α] denotes the integer part of the number α, provided that the righthand side is pointwise defined on (, ∞).
Definition . ([])
Suppose that (E, · ) is a Banach space, P is a cone in E, and D ⊂ P. An operator A : D → P is said to be α-concave if there exists α ∈ (, ) such that
Definition . ([]) Suppose that (E, · ) is a Banach space, P is a cone in E, and D ⊂ P. An operator B : D → P is said to be subhomogeneous if
Definition . ([]) Suppose that (E, · ) is a Banach space, P is a cone in E, and D ⊂ P. From the definition of the Riemann-Liouville derivative we obtain the following result.
An operator A : D × D → P is said to be a mixed monotone operator if A(x, y) is increasing in x and decreasing in y, that is, for all
x i , y i ∈ D (i = , ), x  ≤ x  , y  ≥ y  imply A(x  , y  ) ≤ A(x  , y  ). Lemma . ([]) Let α > . If x ∈ C(, ) ∩ L  (, ), then the fractional differential equation D α  + x(t) =  has x(t) = C  t α- + C  t α- + · · · + C N t α-N , C i ∈ R, i = ,
Lemma . ([]) Assume that x
In the following, we present the Green function of the fractional differential equation boundary value problem.
Lemma . ([]) Let M =  and y
is equivalent to
G(t, s)y(s) ds,
Lemma . Let  ≤ M <  and g A (s) ≥  for s ∈ [, ]. Then the Green function G(t, s) defined by (.) satisfies the following:
Thus, for all t, s ∈ [, ], we have
and Corollary . in [] , and also taking A :
, it is easy to get the following lemma.
Lemma . Let (E, · ) be a Banach space, and P be a normal cone in E. Suppose that there exist h ∈ P and h > θ such that A : P h × P h → P h is a mixed monotone operator and B : P h → P h is a decreasing operator satisfying the following conditions:
() There exists a constant δ  >  such that A(x, y) ≥ δ  By, ∀x, y ∈ P h . Then the operator equation A(x, x) + Bx = x has a unique solution x * ∈ P h , and for any initial values x  , y  ∈ P h , constructing successively the sequences
we have x n → x * and y n → x * as n → ∞.
Main result
Theorem . Assume that the following conditions hold.
continuous, and p(t), q(t) are allowed to be singular at
Then the singular fractional differential equation (.) has a unique positive solution x * , which satisfies at
both convergence uniformly to x * on [, ] as n → ∞.
Proof Let E = C[, ] and u = sup ≤t≤ |u(t)|. Obviously, (E, · ) is a Banach space. Let P = {u ∈ E : u(t) ≥ , t ∈ [, ]}, and h(t) = t α- . Define
Then P is a cone of E, and P h is a component of P. From Lemma . we have that x(t) is the solution of the singular fractional differential equations (.) if and only if it satisfies the following integral equation:
where G(t, s) is given in Lemma .. Define two operators A : P h × P h → P and B : P h → P by
respectively. Then it is easy to prove that x is the solution of the singular fractional differential equations (.) if it satisfies x = A(x, x) + Bx.
() Firstly, we show that A, B are well defined. From (H  ) we have that, for all λ ∈ (, ), t ∈ (, ), and u, v ∈ (, ∞),
So by (.), for all λ ∈ (, ), t ∈ (, ), and u, v ∈ (, ∞), we have
Taking u = v =  in (.), (.), and (.), we have
For any x, y ∈ P h , we can choose a constant
On the one hand, from (H  ), (H  ), (.), and (.) we have
On the other hand, from (H  ), (H  ), (.), and (.), we get
By (H  ), (.), and (.) we get that
and B : P h → P are well defined.
() Secondly, we prove that A : P h × P h → P h and B : 
G(t, s)g s, y(s) ds = δBy(t).
Then by Lemma . the conclusions of Theorem . hold.
